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Abstract 
A  differential  equation  of  the  form  du(t)/dt  -  A(t)u(t)  +  f(t)  in 
a  Banach  space,  with  non-bounded  linear  operators  A(t),  is  investigated. 
Some  uniqueness  and  existence  theorems  are  proved.     It  is  hoped  that  the  re- 
sults may  be  applicable  to  linear  partial  differential  equations  of  parabolic 
or  hyperbolic  type. 
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1,    Introduction 

This  paper  is  concerned  with  the  solution  of  a  Cauchy  problem  in  an  abstract 
linear  space.  Consider  a  linear  differential  equation 

(i.i)         ^g^  -  A(t)u(t)  +  f(t),      a  <  t  <  b, 

and  the  associated  homogeneous  equation 

(1.1a)  ^^    -     ACt)u(t). 

Here  t  is  a  real  variable}  the  unicnovm  function  u(t)  and  the  given  function  f(t) 
take  values  in  a  Banach  space  Xj  and  A(t)  is  a  given  function  whose  values  are 
linear  operators  in  X.  We  wish  to  find  the  solution  of  (i.l)  or  (l.la)  when  tte 
initial  value  u(a)  is  prescribed.  The  problem  is  rather  trivial  if  the  operators 
A(t)  are  bounded  and,  say,  strongly  continuous  in  t,  for  then  the  solution  can 
be  obtained  by  a  standard  iteration  procedure.  But  we  are  mainly  interested  in 
the  case  where  the  A(t)  are  unbounded,  so  that  their  domains  are  proper  subsets 
of  X.  In  such  a  case  the  existence  of  the  solution  is  by  no  means  obvious. 

The  Schroedinger  equation  in  quantum  mechanics  is  expressed  exactly  in  the 
form  (l.la)  with  X  a  Hilbert  space  and  with  the  operators  iA(t)  self -adjoint. 
It  is  also  obvious  that  linear  partial  differential  equations  of  parabolic  type 
which  are  of  the  first  order  in  the  time  variable  t  can  be  written  in  the  form 
(l.l).  Our  study  is  primarily  intended  for  application  to  such  problems.  It 
is  to  be  noted,  however,  that  a  large  number  of  hyperbolic  differential  equations 
can  also  be  reduced  to  the  form  (1,1)  (see  e.g.,  [l]),  at  least  formally,  by  in- 
troducing a  suitable  space  X  as  the  set  of  'column-vector  functions',  in  which 


*  Bounded  linear  operators  are  understood  to  be  defined  everywhere  in  X,  unless 
otherwise  stated. 
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tte  corresponding  'matrix- functions'  A(t)  operate.     We  hope  that  o\ir  results  may 
be  applicable  at  least  to  some  of  these  problems. 

In  this  paper  we   shall  present  some  uniqueness  and  existence  theorems  for 

the  solution  of  (l»l),   and  the  proofs  of  these   theorems  are  outlined  in  Sections 

3  and  h   » 

The  formal  differential  equation  (1.1)   admits  various  interpretations.     The 

derivative  du(t)/dt  may  be  taken  either  in  the  strong  or  weak  sense,  and  the 
equality  may  be  required  for  all  t  or,  e.g.,   for  almost  all  t   (cf.  Lions ^J), 
Again,  it  maybe  regarded  as  an  operational  equation    jd/dt  -  A(tr)u(t)  -  f(t) 
in  some  linear  space  consisting  of  vector-valued  fvinctions  u(t),  a  <  t  <  b,  and 
in  this  interpretation  the  operator  d/dt  -  A(t)  may  again  be  taken  in  some  ex- 
tended  sense,  either  strong  or  weak. 

In  the  present  paper  we  take   (l.l)   in  the  simplest  sense,  howevero  We 
require  that  du(t)/dt  exist  as  a  strong  derivative  in  Xj  that  A(t)u(t)  make 
sense;  that   (l.l)  hold  for  all  t  in  the  open  interval  a  <  t  <  b;  and  that 
u(t)  be  strongly  continuous  in  the  closed  interval.     In  particular,  u(t)  must 
remain  in  the  instantaneous  domain   /^  (A(tfj   of  A(t)  -  a  rather  severe  require- 
ment in  view  of  the  fact  that  /<9[A(tr|  is  in  general  of  first  category  in  X. 
However,  this  is  a  customary  requirement  in  mixed  initial-  and  boundary-value 
problems  for  differential  equations. 

Complete  proofs  will   oe  published  elsewhere.     The  reader  is  also  referred  to 
an  earlier  paper '•-'  by  the  author,  where  the   same  problem  is  treated  under 
more  restrictive  assumptions  than  those  used  in  the  present  paper. 

*«•     Cf.  Friedrichs  *- -• ,  where  reference  to  other  related  papers  may  be  found. 
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2.    Semi -group  theory 

It  is  instnictive  first  to  consider  the  case  in  which  A(t)  =  A  is  indepen- 
dent of  t.  Then  the  solution  of  (i.l)  is  formally  given  by 

t 

(2.1)  u(t)  »  exp|(t-a)AJu(a)  +  j  exp |(t-s)A|f(s)ds. 

a 

The  question  of  defining  the  exponential  function  exp(tA)  is  exactly  the  problem 

r2l 
of  generating  a  one-parameter  semi-groupj  this  has  been  solved  by  Hille  •-  -■ , 

TosidaL^-',  Phillips'-^  and  others. 

In  the  Hille- Yosida  theorem  the   'infinitesimal  generator'   A  is  assumed  to 
satisfy  the  following  conditions:     1)  that  A  be  a  closed  linear  operator  in  X 
with  a  dense  domain;  and  2)  that  all  positive  real  nvunbers  belong  to  the  resol- 
vent set  of  A,   and  that 

(2.2)  II    (XI  -  A)"-"-    II  <*."••■ ,  X>0. 

In  what  follows^  the  class  of  operators  A  satisfying  these  conditions  will  be  de- 
noted by  (S),  The  Hille-Yosida  theorem  states  that  for  each  Ac(S)  there  exists 
a  unique  operator-valued  function  exp(tA)  defined  for  t  >  0  with  these  properties! 

exp(tA)  is  bounded  and  strongly  continuous 
(2.3) 

in  t  with  exp(OA)     ■     Ij 


(2.U)  exp|(t+s)A     «  exp(tA)  exp(sA)j 


/'exp(tA)  maps  the  domain  /(7(A)  into  itself  j  and  for  each  u€.'<7(a), 

(2.5)  ■<(    exp(tA)u  is  strongly  dif ferentiable,  with 

V  (d/dt)  exp(tA)u  ■  Aexp(tA)u  ■  exp(tA)Au} 

(2.6)  exp(tA)  is  permutable  with  the  resolvent     (XI  -  A)"  • 
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According  to  Phillips  L-^-* ,  one  may  replace  the  inequality  (2.2)  by  the 
weaker  condition 
(2.7)  ||(\I  -  A)""  II  <  kX'*^,  n  =  1,2,...,  A.  >  0, 

where  k  is  independent  of  n  and  X,     The  class  of  operators  A  satisfying  these 
conditions  will  be  denoted  by  (S").     Of  course   (S")  Z) (S).     The  function  exp(tA) 
can  still  be  defined  for  each  A  £  (£••)    so  as  to  retain  the  properties  (2.3)  to 
(2.6).     Furthermore,  Phillips  L-'-l  has  proved  that  (2.1)   is  a  solution  of  (l.l)  if 
f(t)   is  strongly  continuously  differentiable.     It  may  be  remarked  that  (2.1)  is 
also  a  solution  of  (l.l)  if  f(t)fc.^(A)  for  all  t  and  if  Af(t)   and  f(t)   are  strong- 
ly continuous  in  t. 

It  is  natural  to  attempt  to  use  the  condition  Aei  (S")  in  the  general  case 
where  A(t)   actually  depends  on  t.     But  it  appears  that  the  class   (S")  is   too  wide 
to  work  with,   so  we  introduce  a  class   (S')  of  infinitesimal  generators  lying  be- 
tween (S)  and  (S")»     A  linear  operst  or  A  belongs  by  definition  to   (S')  if  there 
exists  a  bounded  linear  operator  Q  with  a  bounded  inverse   s\ich  that 

A     -     QAQ'"*" 
belongs  to   (S),     This  implies  that  Q  maps     '(7(A)   onto     V  (A)  in  a  one-to-one 
fashion.     It  is  easily  seen  that   (S)  c:  (S")  C  (S")»     The  fact  that  one  can  de- 
fine the  function  exp(tA)  for  A  €1  (S')  with  the  properties   (2.3)   to   (2.6)   can 
be  established  without  relying  on  Phillips'  results.     We  need  only  put 

*  Actually  the  condition  given  by  Phillips  is  more   general  than  (2.7)   in  that  the 
right-hand  side  of  his  equation  contains  (x-co)"     instead  of  x"   •     The  difference 
is  not  essential,  hovfevsr,  since  either  form  can  be  reduced  to  the  other  by 
using  A  +  col  instead  of  A.     We  have  chosen  the   form  (2.7)  for  convenience  of 
comparison  with  the  case   (2.2). 
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(2.8)  exp(tA)     -     Q"-"-  exp(tl)   Q, 


where  exp(tA)  is  defined  by  Hille-Yosida  theorem.     Note  also  that  since 
(XI-a)~     ■  Q~  (XI-A)"  Q,  all  positive  real  numbers  belong  to  the  resolvent 
set  of  A. 


3.         Uniqueness  theorem 

After  these  preliminaries  we  retvirn  to  the  general  case  with  time -dependent 
A(t)   and  introduce  the  following  assumption. 

Assumption  1.     For  each  t,   a  <  t  <  b,  the  operator  A(t)  belongs  to  class   (S')> 
so  that  there  is  a  bounded  linear  operator  Q(t)  with  a  bounded  inverse  Q(t)" 
such  that  A(t)   »  Q(t)A(t)Q(t)''    &  (S).     Moreover  Q(t)   is   strongly  continuously 
differentiable,   that  is,  the  strong  derivative     Q(t)  «  dQ(t)/dt  exists  and  is 
strongly  continuous. 

Theorem  1;     Under  Assumption  1,  the  solution  of  (l.l)  is  uniquely  deter- 
mined by  the  initial  value  u(a). 
This  is  an  immediate  consequence  of  the  following  lemma. 

Lemma  1;     Let  u(t)  be   strongly  continuous  for  a  <  t  <  b.     Further,  let 
the  strong  right-hand  derivative  D  u(t)  exist,   and  let  u(t)e  -(^  [A(t)J 
and 

D*u(t)     =     A(t)u(t) 

for  a  <  t  <  b.  Then  there  is  a  constant  c  depending  only  on  A(t)  such 
that  llu(t)  II  <  c  ||u(a)  ||  f or  a  <  t  <  b. 

This  lemma  can  be  reduced  to  a  corresponding  theorem,  proved  in  the  earlier 

r3~i 

paper" — ',  for  the  case  where  A(t)  €:  (S),  if  we  introduce  a  new  unknown 

«  The  results  would  be  the  same  if  we  assume  that  Q(t)  is  a  weak  derivative. 
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y(t)     -     exp(-ht)Q(tV(t) 
vith  a  suitable  constant  h. 

Ix,         Existence  theorem 

In  order  to  prove  the  existence  of  the  solution  of  (l.l)  for  a  given  initial 
value  u(a),  we  need  some  additional  assumptions.       In  general,  it  cannot  be  ex- 
pected that  a  solution  exists  for  all  u(a)  €  X,   since  this  is  not  the  case  even 
if  A(t)   =  A  is  independent  of  t   (see   (2.5)).     Thus  we  seek  a  theorem  which  will 
ensure  the  existence  of  a  solution  for  each  u(a)  belonging  to    /</[A(a)j[.     Essenti- 
ally this  implies  that  we  require   the  validity  of  the  differential  equation  (1.1) 
not  only  in  the  open  interval  a  <  t  <  b  but  also  at  the  initial  time  t  ■  a. 
In  addition  to  Assumption  1,  we  rasike  the  following  assumption: 
Assumption  2.     The  operator  A(t)   changes  smoothly  with  t  in  the  following 
sense.     There  exists  a  bounded  operator-valued  function  R(t)   with  a  bounded  in- 
verse R(t)''"^  and  with  a  strongly  continuous  second  derivative  ""    R(t)  such  that 
the  operator  A(t)   =  R(t)A(t)R(t)'-'-  has  a  domain  /5  independent  of  t.  Then  it 
follows  that  the  operator  B(t)   =    (l  -  UtT\{l  -  l{a)y^  is  bounded  for  each  t. 
It  is  further  assumed  that  B(t)  is  strongly  continuously  differentiable, 

»      The  second  example  of  Section  5  shows  that  the  change  of  A(t)  must  be  suffi- 
ciently smooth  in  some  sense. 

■K*     This  is  an  essential  restriction  of  our  theory.     There  are  many  problems  in 
which  the  initial  value  may  be  arbitrary  and  yet  the  differential  equation  is 
satisfied  in  the  open  interval.     This  is  usually  the  case  for  classical  para- 
bolic equations.     However,   the  condition  u(a) ^  D(A(ar]   is  indispensable  in 
the  case  of  the  Schroedinger  equation. 

**-«■  Apain,  the  result  would  be  the   same  if  ve  assume  that  R(t)   is  a  weak  derivative, 
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Let  us  examine  this  assumption  and  its  immediate  consequences.     The  operator 

R(t)  maps    /{J  (liCtQ   onto    /C/    in  a  one-to-one  fashion.     Since  by  Assumption  1  all 

positive  real  numbers  K  belong  to  the  resolvent  set  of  A(t),  the  same  is  true 

for  S(t),  and,   in  particular,    (l-I(t7]~     exists,     3(t)   and  B(t)"     are  continuous 

in  t  in  the  uniform  topology,  so  that  there  exists  a  constant  M  such  that 

||B(t)  II  <  M,      ||B(t)       ll  <  M,     Moreover,  B(t)  is  of  bounded  variation  in  the 

sense  that 

b 
(U,l)  YL      ||B(t,)  -  B(t.  ,)  ll  <    [      ||B(t)||dt     aN 

for  any  partition  a=t     <t,   <...<t     »bof  the  interval  a  <  t  <  b.     Again, 
it  follovs  that 


and 


ll  -  A(t)"j-^     =      [l  -  A(a)>^  B(t)--^ 

^  .  Ait)]-^     -     R(tr-^[l  -  A(t)l"^  R(t) 


are  continuous  in  t  in  the  uniform  topology. 

We  can  now  state  our  main  theorem. 

Theorem  2:     Under  Assumptions  1  and  2,  there  exists  a  unique  operator- 
valued  function  U(t,s),  defined  in  the  triangle  a<  s<  t<b,  vd.th  the 
following  properties: 


fu(t,s)  is 
[xn   (s,t). 


,  ,  ,  _  a  bounded  linear  operator  and  is  strongly  continuous 

'      ■  '     with  U(t,t)  =  Ij 


(U.3)   U(t,r)  =  U(t,s)U(s,r),       r  <  S  <  tj 

^U(t,s)  maps  <9|?(sr]   into   X}[l{tT],   and  for  each  u  e /d  [aCe)], 


(U.U) 


i 


u(t)   =  U(t,s)u^ 

is  strongly  differentiable  for  t  >  s  and  satisfies  (l.la)j  more- 
.over  A(t)u(t)  is  strongly  continuous  in  t. 


In  particular  u(t)  =  U(t,s)u(a}  satisfies  the  homogeneous  equation  (1,1a) 
for  each  u(a)e  /d    [A(ar). 
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The  solution  of  the  inhomopieneous  equation  (l.l)  can  be  expressed  in  terms 

of  the  operator  U(t,s)  formally  as  follows: 

t 
(U.5)  u(t)  =  U(t,a)u(a)  +   [  U(t,s)f (s)ds. 

As  to  the  validity  of  this  expression  as  the  solution  of  (i.l),  we  have 

Theorem  3;  (U.5)  is  the  solution  of  (l.l)  if  u(a)€.x9  [k(a)'].     and  if 
the  function  f(s)  satisfies  one  of  the  following  conditions: 

(U.6)   f(t)  is  strongly  continuously  differentiablej 

or 

(U.7)  f(t)^/(9  (A(t)J,  and  A(t)f(t)  and  f(t)  are  strongly  continuous  in  t. 

The  proofs  of  these  theorems,  which  are  rather  complicated,  will  be  sketched 

r3i 

here;  they  are  like  those  given  in  the  earlier  paper '--'.     The  problem  can,  without 
ioffiof  generality,  be  reduced  to  the  case  R(t)  =  I.     It  is  then  similar  to  the 
problem  treated  in  the  earlier  paper'--',  except  that  now  we  have  A(t)  €.  (b')  in- 
stead of  A(t)  fe  (S),     The  operator  U(t,s)   is  constructed  by  a  Kiemann  product 
integration  method,  and  the  properties  (ii.2)   and  (U.3)   are  proved.     The  proor  of 
(U.U)  is  the  most  complicated  stepj  it  is  effected  by  showing  that  the  operator 
W(t,s)  =    (l-A(t/jU(t,s}  [i-a(sJ]]~     is  bounded.     To  do  this,  a  limiting  procedure 
based  on  the  approximation  of  u(t,s)  by  a  finite    'Riemann  product'  must  be  used. 


To  prove  Theorem  3  we  must  fii-st  show  that 

t 

U(t,s)f(6)ds 
a 


belongs  to  ^[kit)]   «  This  requires  some  calculation  in  the  case  where  condition 
(li»6)  is  assumed  to  hold. 
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5»    Examples 

Rather  than  discuss  the  applications  of  our  results  in  detail,  we  shall 
illustrate  them  by  some  simple  but  non-trivial  examples. 

First,  consider  the  Schroedinger  equation 

^5-1)  -  I  It  ■  -  Ie  |P^*'*^  Ml*  ^(^»^^^'   0<x<l,   a<t<b. 

Here  the  unknown  u  «  u(x,t)   is  a  function  of  two  variables  x  and  t,    Vfe  assume 
that  the  coefficients  p,   q  are  smooth  real-valued  functions  of  x,  t  and  that 
p  >  Oj  further,  the  time-dependent  homogeneous  boundary  conditions 

(5.2)  u^(0,t}   -  a(t;u(0,t)  -  0,  u^(l,t)  +  p(t)u(l,t)     =     0 

are  imposed  at  the  endpoints  of  the  interval    [0,1]].     In  (5.2),  a(t),  3(t)  are 
smooth  real-valued  functions. 

Eq,   (5.1)  may  be  written  in  the  form  (1.1a)  where  A(t)  is,  for  each  t,  a 

second-order  differential  operator  with  the  boundary  conditions  (5.2).     If  we 

2 
take  as  X  the  Hilbert  space  L  (0,1),  then  A(t)  can  be  written  in  the  form 

A(t)  -  -  iH(t)  with  the  operator  H(t)  self-ad joint .     Thus  Assumption  1  is 

satisfied  simply  with  Q(t)  »  I. 

It  can  be   shown  that  Assumption  2  is  also  satisfied.     The  domain  of  H(t) 

2 
consists  of  all  functions  of  L  (0,1)  whose  second  derivatives  also  belong  to 

2 

L  (0,1)  and  which  satisfy  the  boundary  conditions  (5.2).  Thus  it  is  easy  to 

find  the  operator  R(t)  required  in  Assumption  2.  We  can  take  as  H(t)  a  multi- 
plicative operator 

(5.3)  R(t)  «  exp(r(x,t)^, 

where  r(s,t)  is  any  smooth  real-valued  function  such  that 
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(5.U)         r  (0,t)  +  a(t)  -  0,         r„(l,t)  -  0(t)  -  0. 


For  instance,  ve  may  take 

~      2 


r(x,t)  -  -  a(t)x  +  ^  L{t)   +  p(tn 


X 


Then  R(t)  maps  the  domain  of  H(t)  onto  the  set  /j   of  all  functions  u(x)€  L  (0,1), 
with  u  €.  L  (0,1),  which  satisfy  the  boundary  conditions  u  (O)  =  u  (l)  -  0, 

XX  X        * 

(Thus  yd   is  independent  of  t.)  It  is  easy  to  see  that  the  remaining  conditions 

of  Assumption  2  are  satisfied. 

2 
Thus  (5.1),  interpreted  as  a  differential  equation  in  X  =  L  (0,1),  has 

one  and  only  one  solution  with  a  given  initial  value  u(a)  €.  'CJ  [H(a)J, 

It  is  true  that  Assumption  2  is  still  rather  restrictive,  and  much  would  be 

gained  if  it  could  be  replaced  by  a  weaker  assumption.  A  natural  question  is 

whether  it  is  sufficient  to  require  that  the  operator  (j-A(t)J~  ,  which  is  bounded 

by  Assumption  1,  be,  say,  strongly  continuously  differentiable.  But  the  following 

example  shows  that  this  is  not  the  case.  Consider  the  Schroedinger  equation 

(5.5)  ^uCO  .  .  i  H(t)u(t) 

2 
in  the  Hilbert  space  X  *  L  (-00,00),  where  H(t)  is  a  multiplicative  operator 

(5.6)  H(t)  -  -(x-t)-^ 

Then  the  solution  of  (5.5),  if  it  exists,  could  not  be  other  than 

u(t)  -  u(x,t)  =  exp(  ^  -  ~  )  u(x,a). 

But  this  does  not  satisfy  (1.1)  as  an  operational  equation  in  our  sense,  unless 
u(x,a)  were  to  vanish  identically  in  the  interval  a  <  x  <  b,  because  otherwise 
u(t)  does  not  belong  to  the  domain  of  H(t)  for  all  t,  a  <  t  <  b.  Such  u(x,a)  are 
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very special  functions  and  do  not  form  a  dense  set  in  X,  Nevertheless,  the 
operator  H(t)  is  self-adjoint  and  changes  rather  smoothly  in  the  sense  that 
(l-iH(ty]~     is  not  only  continuously  differentiable  but  also  analytic  in  t. 

It  is  interesting  to  note  that,  even  in  this  example,  we  can  find  a 
bounded  operator  function  R(t)  with  the  property  that  H(t)  -  R(t)H(t)R(t)~ 
has  a  constant  domain.     We  need  only  take  as  R(t)  the  unitary  operator  which 
maps  u(x)  into  u(x+t).     But  then  R(t)  is  not  a  bounded  operator,   so  that  the 
Assumption  2  is  not  satisfied. 
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